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Compatible nonlocal Poisson brackets 
of hydrodynamic type, and integrable 
hierarchies related to themQ 



0. I. Mokhov 



in , 

! 1 Introduction. Basic definitions 



In the present work, the integrable bi-Hamiltonian hierarchies related to compatible nonlocal 
Poisson brackets of hydrodynamic type are effectively constructed. For achieving this aim, 
first of all, the problem on the canonical form of a special type for compatible nonlocal 
• Poisson brackets of hydrodynamic type is solved. The compatible pairs of nonlocal Poisson 

brackets of hydrodynamic type have a more simple description in special coordinates in 
which the metrics corresponding to these brackets are diag onal (see §, §), but for an 
effective construction of the hierarchies we need a different approach developed in this 
paper. For compatible local Poisson brackets of hydrodynamic type (the Dubrovin-Novikov 
brackets Q), the corresponding integrable bi-Hamiltonian hierarchies were constructed by 
the present author in the papers [Q], ||, and for compatible nonlocal Mokhov-Ferapontov 
brackets || generated by metrics of constant Riemannian curvature, the bi-Hamiltonian 
£Nj ■ hierarchies were constructed in [Q. 



^ | 1.1 Local Poisson brackets of hydrodynamic type 

An arbitrary local homogeneous first-order Poisson bracket, that is, a Poisson bracket of the 
' form 

{u i (x),u j (y)} = gV(u(x)) S x (x - y) + &«(«(*)) u k x 5(x - y), (1.1) 

where m 1 ,...,m' v are local coordinates on a certain given smooth iV-dimensional manifold 
M, is called a local Poisson bracket of hydrodynamic type or Dubrovin-Novikov bracket ||]. 

■ Here u z (x), 1 < i < N, are functions (fields) of single independent variable x, the coefficients 
g^(u) and b%(u) of bracket ([□]) are smooth functions of local coordinates. 

■ In other words, for arbitrary functional I[u] and J[u] on the space of fields u l (x), 1 < 
i < N, a bracket of the form 



1 This work was supported by the Alexander von Humboldt Foundation (Germany), the Russian Foun- 
dation for Basic Research (grant No. 99-01-00010) and the INTAS (grant No. 99-1782). 
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is defined and it is required that this bracket is a Poisson bracket, that is, it is skew- 
symmetric: 

{I,J} = -{J,I}, (1.3) 

and satisfies the Jacobi identity 

{{I, J}, K} + {{J, K}, 1} + {{K, I}, J} = (1.4) 

for arbitrary functionals I[u], J[u], and K [u]. 

A local bracket (1.2) is called nondegenerate if det(g iJ (u)) ^ 0. For the general nondc- 
generate brackets ( |1.2| ), Dubrovin and Novikov proved the following important theorem. 

Theorem 1.1 (Dubrovin, Novikov §|) If det(g lj (it)) ^ 0, then bracket (jTJj is a Pois- 
son bracket, that is, it is skew- symmetric and satisfies the Jacobi identity, if and only if 

(1) g lJ (u) is an arbitrary flat pseudo-Riemannian contravariant metric ( a metric of zero 
Riemannian curvature), 

(2) b\ 3 (u) — — g ls (u)T 3 sk (u) , where r^ fc (u) is the Riemannian connection generated by the 
contravariant metric g lJ (u) (the Levi-Civita connection). 

Consequently, for any local nondegenerate Poisson bracket of hydrodynamic type, there 
always exist local coordinates v , ...,v N (flat coordinates of the metric g l -*(u)) in which all 
the coefficients of the bracket are constant: 

g i3 (v) = rf 3 = const, f) k {v) = 0, b%(v) = 0, 

that is, the bracket has the form 

^ ' ^ J 8v i (x)^ dx 5v J (x) ' ^ ^ 

where (rf 3 ) is a nondegenerate symmetric constant matrix: 

rf 3 = n ji , rf 3 = const, det (rf 3 ) ^ 0. 

The local Poisson brackets of hydrodynamic type ([0]) were introduced and studied by 
Dubrovin and Novikov in In this paper, they proposed a general local Hamiltonian 
approach (this approach corresponds to the local brackets of form (bl)) to the so-called 
homogeneous systems of hydrodynamic type, that is, to evolutionary quasilinear systems of 
first-order partial differential equations 

4 = Vj(u)ui. (1.6) 

This Hamiltonian approach was motivated by the study of the equations of Euler hy- 
drodynamics and the Whitham averaging equations describing the evolution of slowly mod- 
ulated multiphase solutions of partial differential equations (see 0). In |J, jl(| Tsarev 
constructed the theory of integrating the class of diagonalizable Hamiltonian (and also 
semi-Hamiltonian) homogeneous systems of hydrodynamic type. 
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1.2 Nonlocal Poisson brackets of hydrodynamic type 

Nonlocal Poisson brackets of hydrodynamic type (the Mokhov-Fcrapontov brackets) were 
introduced and studied in the work of the present author and Ferapontov |^| (see also 
They have the following form: 

^> = / S^xj [9^))i^M X ))< + Kui (£f ^ 

where K is an arbitrary constant. 

A bracket of form ( |l.7| ) is called nondegenerate if det(g y (u)) ^ 0. 

Theorem 1.2 ([§) If det(g ij (u)) 0, then bracket fiTty is a Poisson bracket, that is, it 
is skew- symmetric and satisfies the Jacobi identity, if and only if 

(1) g lJ (u) is an arbitrary pseudo-Riemannian contravariant metric of constant Rieman- 
nian curvature K , 

(2) bV(u) — — g ls (u)T J sk (u) , where F J sk (u) is the Riemannian connection generated by the 
contravariant metric g tJ ' (u) (the Levi-Civita connection). 

In |6) Ferapontov introduced and studied more general nonlocal Poisson brackets of 
hydrodynamic type (the Ferapontov brackets), namely, the Poisson brackets of the form 

Y^e a {w a )i{u{x))u k x (J^j (w a )i(u(x))u^j j^dx, det(ff«(«)) ^ 0. (1.8) 



Theorem 1.3 (0) Bracket is a Poisson bracket, that is, it is skew- symmetric and 

satisfies the Jacobi identity, if and only if 

(1) b % i(u) = — g ls {u)Y° sk (u) , where Y 3 sk {u) is the Riemannian connection generated by the 
contravariant metric g 13 (u) (the Levi-Civita connection), 

(2) the metric g lJ (u) and the set of the affinors (w q )* (m) satisfies relations 

g ik (u)(w a )';(u)=g ]k (u)(w a ^(u), a = l,...,L, (1.9) 
V k (w a y 3 (u) = V J (w a y k (u), a = l,...,L, (1.10) 

L 

4>) = E e « - (^)fwK)iw) • (i.ii) 

a=l 

In addition, the family of the affinors w a (u) is commutative: [w a ,w ] = 0. 
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Let us write out all the relations on the coefficients of the nonlocal Poisson bracket (1.8) 
in a convenient form for further repeated use. 

Lemma 1.1 Bracket is a Poisson bracket if and only if its coefficients satisfy the 

relations 

</' </"• (1-12) 

<ne </•-//'•. (i.i4) 

9 is (w a )i=g^(w a )i (1.15) 
(w a )l(w^ = (w^y s (w a )h (1.16) 
8(w a \ k d(w a ) k 

' r ' r " ~7hF^ " 9 3r K k (^ a )r = '/'V -r^ - s ir &f K)r, (1.17) 



9it s du r 



) + bfb? - b^bf = e a g ls {(w a )i{w a t - (w a y r (w a ) k s ) . (1.18) 



1.3 Compatible Poisson brackets 

In |Q Magri proposed a bi-Hamiltonian approach to the integration of nonlinear systems. 
This approach demonstrated that integrability is closely related to the bi-Hamiltonian prop- 
erty, that is, the property of a system to have two compatible Hamiltonian representations. 



Definition 1.1 (Magri |14|) Two Poisson brackets { • , • }i and { • , ■ }g are called 



com- 



patible if an arbitrary linear combination of these Poisson brackets 

{•,-} = Ai{.,-} 1 + A a {.,-} 2 , (1-19) 

where Ai and A2 are arbitrary constants, is also a Poisson bracket. In this case, we shall 
also say that the brackets { • , • }i and { • , • }a form a pencil of Poisson brackets. 

As was shown by Magri in |Q, compatible Poisson brackets generate integrable hierar- 
chies of systems of differential equations. In particular, for a system, the bi-Hamiltonian 
property generates recurrent relations for the conservation laws of this system. 

Here the integrable hierarchies related to compatible nonlocal Poisson brackets of hy- 
drodynamic type are constructed. 
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2 Pencil of nonlocal Poisson brackets 
of hydrodynamic type 



Let us describe all nonlocal Poisson brackets (L8) compatible with the constant nondegen- 
erate Poisson bracket of hydrodynamic type 



{I,Jh = J 



SI ,., d SJ , 
i lJ dx, 



— : — V 

8u l {x) dxSu^(x) 



(2.1) 



where (ifi) is an arbitrary nondegenerate symmetric constant matrix: det(r) lJ ) ^ 0, rfi 



rf % , rj* 



const, that is, let us classify all the following pencils of nonlocal Poisson brackets: 



{/, J}x = {I,J}i + X{I,J} 2 , 
where {/, J}i is a Poisson bracket of form ([T^). 



(2.2) 



Lemma 2.1 The Poisson brackets (2.1) and (l.t) are compatible if and only if the following 
relations are satisfied: 

r, is {w a ) J s = r] js (w a ) l s , 
d{w a )) _ d{w a )\ 



(2.3) 
(2.4) 



du k 



Bui 



du s 



dV k 



It is important to note that the relation 

rf r bf(w a ) s r = rf r V k {w a ) s r , 



(2.5) 
(2.6) 

(2.7) 



derived from (1.17) as one of the compatibility conditions for Poisson brackets (2.1) and 
( [Q| ) follows from relations (2.3)-(2.E) for every Poisson bracket Actually, from 

we get 



rf r bf(w a ) s r = ri sr bf(w a y r) 
and from relation (2^) we also have 

n sr bf (w a y r = n st b r s k ( w a y r . 



Consequently relation (2/7) is reduced to the relation 

r 1 s % k {w a )i=rf r V s k (w a ) s r , 

that is, 

¥ s k (w a y r = v r k {w a y s . 



(2.8) 
(2.9) 

(2.10) 
(2.11) 
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Let us prove that relation (2.11) is satisfied for any Poisson bracket (1.8) for which relation 
(P^q) is valid. In fact, in this case relation (1.17) for the Poisson bracket (l.S) takes the form 



From relation ( 1.15| ) we get 



jriikr a\s iruik/„.a\& 
9 b s (W ) r = 9 K [W ) 7 



gi r bf(w a ) s r = g sr bf{w a y r , 



and from relation (1.14) we have 

g sr bf (w a )i = g sl b r s k {w a y r , 
that is, relation ( |2.12| ) is reduced to the relation 

g b s (w ) J r = g b J s (w ) r , 



(2.12) 
(2.13) 

(2.14) 
(2.15) 



which is equivalent to relation (2.11). 



3 Canonical form of compatible pairs of brackets 



Theorem 3.1 An arbitrary nonlocal Poisson bracket {/, J}i of form ( fJ.qV is compatible 
with the constant Poisson bracket (2.1) if and only if it has the form 



{I,J}l = J 



, d 2 FJ 
du s du k 



SI 



8u l {x) 



.OF? 



du s 



Q = l 



du s du k 



d_ 

dx 



a = l 



d 2 1p C 



d 2 ip a dip a 
du s du k du p 



-1 x2„i,a 



d 2 tp c 



5J 



^ duPdu k x \dx I du r du s x i SuHx) 

a— 1 v / / 



dx. 



(3.1) 



where F l {u), 1 < i < N, and ip a {u) 1 1 < a < L, are smooth functions defined in a certain 
domain of local coordinates. 



It follows immediately from relation fl2.q ) that there locally exist functions ((p a ) l (u), 
l<i<N,l<a<L, such that 



Then relation (2.6) takes the form 



dbj k _ 96f _ A 
du s du r ^— ' 01 



d{ip a y (dtp a ) k d(tp a y d(ip a ) k 
du s du r du r du s 



(3.3) 



G 



Let us introduce the function 



A?£(u) = Vi{u)-Y J £«iv a ) 



du k 



Then using fl3.3| ) we get 



du l du l ^—i a du l du k ' a du k du l 



a=l 



du k 



du l du k 

L 



a — l a—l 

Consequently there exist functions P ll (u), 1 < i,j < N, such that 



du k du l du k 



du k 



Thus, 



du k 



From relation (1.13) for the Poisson bracket {/, J}i we get 



9 - b l] + tf l - + + V e (w a Y 



du k 



d(ip a y 

du k 



du k 



that is, using (1.12) we have 



(3.4) 



(3.5) 



(3-6) 



(3.7) 



(3.8) 



= pa + p* + j2s a (<p a y(<p a y 



(3.9) 



where (d 3 ) is an arbitrary constant matrix, c %] = const. Dehning the function R %3 (u) by the 
formula 

R ij = P ij + c ij , (3.10) 

we get the proof of the Liouville property for the Poisson bracket {/, J}i in the considered 
local coordinates: 



g*> = R ij + R ji + ^ a y(v a 

a=l 

L 



k du k 

a — l 



du k 



(3.11) 
(3.12) 
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(in the next section, see about the Liouville property more in detail). 
It follows from relation (2.4) that 



that is, 



du s ' du s 



duP du r 
Thus there exist functions ip a (u), 1 < a < L, such that 

dip a 



or 



du r 

dip a 
du r 



(3.13) 
(3.14) 

(3.15) 
(3.16) 



It follows from relation (2.3) that 



du s 



+ rf r V kp E £ « 



du r du p du s 



= rf 



OR 



ik 



' a du r du p du s 



du s 



a=l 



or 



du s 



^-^ a 9w / du p du s du l ^ 

a—l a—1 



<9u s du p du l 



(3.17) 
(3.18) 



Thus, 



Consequently there exist functions F J (u) such that 



+ f> Q 



dip a dip a dF k 



Q = l 



that is, we get 



9it s ^— ; a du s du k 



g-r) 



du s 



a=l 



du s du k 



(3.19) 

(3.20) 

(3.21) 
(3.22) 
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6« - rf - nV' V e ^ (3 23) 

"'"I du>du* VV 2^ E <* 9u s du k duP - ^ 6 > 



Here it is easy to check that for the Poisson bracket ( |3.l| ) ah the relations of compatibility 
are satisfied. 



4 Integrable equations for canonical 
compatible pair of brackets 



Theorem 4.1 Nonlocal bracket (3.1) is a Poisson bracket if and only if the following rela- 
tions are satisfied: 



du l du s duPdui du l du s duPdui ' 
2 O d 2 



where ScinC 1 *) * s ^ e metric o/ bracket (3.1): 

a* (u) + rf s — ~ Ts^tl^l (4 3) 

a— 1 

the functions Q(u), Qi(u), and Q2(u) are arbitrary from the functions F l (u), 1 < i < N, 
and ip a (u), 1 < a < L. 



The nonlinear system fl44|) , (|4.2| ) is integrable by th e me th od o f inverse scattering prob- 
lem. The procedure of the integration for the system (44), (|4.2|) will be published in our 
next paper. 



5 Liouville and special Liouville coordinates 

Local coordinates u — (it 1 , u N ) are called Liouville for an arbitrary Poisson bracket {/, J} 
if the functions (the fields) u % (x) are densities of integrals in involution with respect to this 
bracket, that is, 

{U\W} = 0, l<i,j<N, (5.1) 

where U l — J u l (x)dx, 1 < i < N. In this case the Poisson bracket is also called Liouville 
in these coordinates. Liouville coordinates naturally arise and play an essential role in the 
Dubrovin-Novikov procedure of averaging of Hamiltonian equations ||. Physical coordi- 
nates derived by averaging of densities of participating in the Dubrovin-Novikov procedure 
./V involutive local integrals of an initial Hamiltonian system are always Liouville for corre- 
sponding averaged bracket. This property was a motivation for the definition of Liouville 
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coordinates for local Poisson brackets of hydrodynamic type in H. For general nonlocal 



Poisson brackets of hydrodynamic type (1.8), Liouville coordinates were introduced in jja |. 
A nonlocal Poisson bracket of hydrodynamic type (|1.8[) is Liouville in the local coordi- 



nates u 



if and only if there exist functions (<p a y(u), 1 < i < L, and a matrix 
function ^(it) such that the bracket has the following form (see [Gl|, where namely this 
characteristic is taken for the definition of the Liouville property of bracket (|1.8|)): 



{I,J}i = J 



SI 



Su l (x) 



a=l 



d 

dx 



9$y 
du k 



du k x V dx 



d\^ d{<p a y 



6,1 



du s 



Sui (x) 



dx. 



(5.2) 



From theorem 3.1, it follows 



Theorem 5.1 Flat coordinates of an arbitrary nondegenerate local Poisson bracket of hy- 
drodynamic type {I, J}2 are always Liouville for any nonlocal Poisson bracket {I, J}i ( j^.jj ) 
compatible with {I, J}2- Moreover, in addition the corresponding Liouville function <& y (u) 
and the functions (ip a ) l (u) always have the special form 



$ lJ (u) = T] 



(5.3) 



du s ' du s 

Local coordinates u = (it 1 , u N ) are called special Liouville coordinates [ jl6| , ]l7t for an 
arbitrary Poisson bracket {I, J} if there exists a nonzero constant symmetric matrix (r]ij) 
such that the functions (the fields) ^(x), 1 < i < N, and riijU 1 (x)u^ (x) are densities of 
integrals in involution with respect to this bracket, that is, 



{U\W} = 0, l<i,j <N+1, 



(5.4) 



where U l — J u l (x)dx, 1 < i < N, U N+1 — f ^^(x)^ (x)dx. In this case the Poisson 
bracket is also called special Liouville in these coordinates. The special Liouville coordinates 
were introduced in jl6| , |[7) . The most important case is the case of nondegenerate matrix 



Theorem 5.2 An arbitrary Poisson bracket of form (l.l ) is special Liouville in local coor- 



dinates u = (u , u ) if and only if it is Liouville with a special Liouville function $ y (u) 
and functions {(p a ) l (u) of the special form such that 



n ks $ SJ (u) 



du k 



du k 



(5.5) 
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In this case, for a nondegenerate matrix (rjij), we get exactly our bracket (3.1) from the 
canonical compatible pair. 

Thus our problem on compatible nonlocal Poisson brackets of hydrodynamic type is 
equivalent to to the problem of classification of the special Liouville coordinates for nonlocal 
Poisson brackets of hydrodynamic type. 

Theorem 5.3 An arbitrary nonlocal Poisson bracket of hydrodynamic type of form ^L.b\ ) 



is compatible with the constant Poisson bracket (2.1) if and only if the functions u 1 (x 



1 < i < N, and rjijU 1 (x)u J (x) , rf s r] S j = 5j, are densities of integrals in involution with 



respect to the Poisson bracket (l.t) 



Note that u l (x), 1 < i < N, are the densities of the annihilates of the bracket (|2.1| ) 
and TtTjijU 1 {x)v? (x) is the density of the momentum of bracket (2.1). 



Theorem 5.4 An arbitrary nonlocal Poisson bracket of hydrodynamic type of form (l.t ) is 



compatible with an arbitrary nondegenerate local Poisson bracket of hydrodynamic type (l.k) 



if and only if N annihilators and the momentum of bracket (l.i.) are integrals in involution 



with respect to the Poisson bracket (1.8) 



6 Integrable bi-Hamiltonian hierarchies 

Consider a pair of compatible Hamiltonian operators of hydrodynamic type P{ J and P 2 , 
one of which, let us assume P 2 , is local, and another is an arbitrary nonlocal operator of 



form (l.S). Apparently, one of the nonlocal Hamiltonian operators of hydrodynamic type 
always can be reduced to the canonical constant form by series of reciprocal transformations 
if it is nondegenerate (an analog of the classical Darboux theorem in symplectic geometry) , 
so that the considered case is, in fact, general. If the local Hamiltonian operator P 2 is 
nondegenerate, then it follows from theorem |3.1| that, by local change of coordinates, the 
pair of compatible Hamiltonian operators P 1 J and P 2 can be reduced to the following 
canonical form: 

P; i [v(x)]=r 1 i ^, (6.1) 

pij _ ( ls dF^_ js dFi _ ls jk A d^dr\ d_ 
1 ~ y du* + V 8u° 71 V du° du k J dx + 

y du*du k V 1 ^ a du s du k duP J x + 

n V T e ~^u* (±) " J^Lu' (6 2) 

a = 1 v / 



li 



where (if 3 ') is an arbitrary nondegenerate constant symmetric matrix: det(ry lJ ) ^ 0, if 3 — 
const, rfi — rf l \ F l (u), 1 < i < N, and ip a (u), 1 < a < L, are smooth functions defined 
in a certain domain of local coordinates such that operator ( |6~2]) is Hamiltonian, that is, 
the functions F*(u) and ip a (u) satisfy the integrable equations ( |4.1| ), (4.2) (see theorem 4.1 
above) . 

Remark 6.1 It is obvious that here we can always consider that rf 3 = £*<5 y , e % = 1 for i < p, 
e l = —1 for i > p, where p is the positive index of inertia of the metric, < p < N, and, 



in addition, it is necessary to classify the Hamiltonian operators (6.2) with respect to the 
action of the group of motions for the corresponding ./V-dimensional pseudo-Euclidean space 
R^, but for our purposes it is sufficient (and more convenient) to use the indicated above 
representation for canonical compatible pair ( "conventionally canonical" representation) . 

Consider the recursion operator generated by the canonical compatible Hamiltonian 
operators (|6.l|), (|6.2|): 



[v(x)]=[p 1 [v(x)] (PMx)})- 1 



s dF 3 1s dF l 



dip a dip a \ d 
du s du k ) dx 



Q20 

du s du k 



du p di 



k ""x 



- 1 d 2^a 



dx J du r du s 



^ Vji 



a=l 
-1 



d 2 ip a dip a 
du s du k du p 



(6.3) 



(what about recursion operators generated by pairs of compatible Hamiltonian operators, 
see @-|§. « 

Let us apply the derived recursion operator (3.2) to the system of translations with 
respect to x, that is, the system of hydrodynamic type 



which is, obviously, Hamiltonian with the Hamiltonian operator (3.1): 



SH 

Su 3 (x) 



, H=- r/ ]l u j (x)u l (x)dx. 



Any system from hierarchy 



(6.4) 



(6.5) 



(6.6) 



is a multi-Hamiltonian integrable system. 
In particular, any system of the form 



(6.7) 
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that is, the system of hydro-dynamic type 







u 



du s 

L 



a=l 

32„/,c* a„l,a 



dip a dip a \ d 
du s du k j dx 



a— 1 / 



du s du k 

L 



-1 n2 



ip jr \ " k ( 

^ ^ 2-^i a QupQyk x \ dx ) du r du s 

a— 1 v 



d 2 4> a A i 

u x t] jt u 



dF i 

^—Vjk+Q^+if 



du s 



d 2 F j 
du s du 



jil jr u r - rf s 2^ e c 



a=l 



du s du k 



L r) 2 ih a \ ( 8FJ L Bili a \ 



a = l 



where F z (u), 1 < i < N, and ifj a (u), 1 < a < L, is an arbitrary solution of the integrable 
system (p]), ([If). 

This system of hydrodynamic type is bi-Hamiltonian with the pair of canonical compat- 
ible Hamiltonian operators (6.1), (|6. 



, dFi 
du s 



,8F 



iWv fe E e « 



:}2„/,a a./.a 



<9u s 9it fe / da; 



du s du k 



^ dvPdu k x \dx du r du s x j SviixY 

a— 1 v ' / 

Hi = - j 'i] j iu j (x)u l (x)dx, 



(6.9) 



* x ^ efa; Su^x) 
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